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Abst rac t - -The  restricted coupled AKNS-Kaup-Newell flow and its Lax representation axe pre- 
sented. The corresponding Lax operator possesses an r-matrix formulation. Therefore, the complete 
integrability is established for the restricted coupled AKNS-Kaup-Newell flow. The resulting re- 
stricted flow contains the restricted AKNS flow and the restricted Kaup-Newell flow as two special 
reductions. (~) 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Many coupled nonlinear evolution equations with various backgrounds have been presented in 
mathematical physics [1-3]. For example, in [1] Wadati, Konno, and Ichikawa introduced a
spectral problem and derived an evolution equation which can be reduced into the derivative 
SchrSdinger equation [4] and the Ablowitz-Kaup-Newell-Segur (AKNS) equation [5]. Recently, 
Zhang [6] introduced the following spectral problem: 
¢2x  v i~ ) ~2 ' (1) 
and obtained its isospectral hierarchy of evolution equations. Since the spectral problem (1) 
becomes the well-known AKNS spectral problem as a = 1, ~ = 0, and (1) becomes the Kaup- 
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Newell spectral problem as a = 0, ~ = 1, the spectral problem (1) is called a coupled AKNS- 
Kaup-Newell spectral problem. Also, f a hierarchy of evolution equations of complex form are 
deduced from (1). 
It is well known that the method of nonlinearization of Lax pair is a powerful tool to gen- 
erate finite-dimensional integrable systems (FDISs) from infinite-dimensional integrable systems 
(IDISs) or soliton equations and a large number of interesting FDISs have been obtained in 
this way [7-11]. The resulting FDISs can determine finite band solutions of the corresponding 
IDISs [7,12]. However, there is less work on the restricted flows of coupled evolution equations. 
In this paper, we aim to analyze the structure for the restricted flows resulted from the nonlin- 
earization of Lax pair of the hierarchy of coupled equation. 
For the coupled AKNS-Kaup-Newell spectral problem, a finite-dimensional complete integrable 
systems of the complex form have been obtained by nonlinearization i [6]. In this paper, 
we shall present an FDIS of real form, instead of complex form. We shall pay our attention 
to Lax representation and r-matrix formulation. The reason is that Lax representation and 
r-matrix formulation contain almost all necessary information for a finite-dimensional integrable 
system [13]. First, integrals of motion can be readily deduced from Lax operator, and their 
involutivity is ensured by r-matrix formulation. Second, using algebraic-geometry method to 
integrate FDISs, Lax representation is usually an important starting point. The spectral curve 
of FDISs can be obtained from Lax representation. Finally, r-matrix formulation may provide a 
direct link between the classical integrable problem and the quantum integrable problem. The 
restricted flow we shall obtain contains the restricted AKNS flow [8,14] and the restricted Kaup- 
Newell flow [7] as two special reductions, and its r-matrix is just a simple linear combination of 
the r-matrix for the restricted AKNS flow [15] and the r-matrix for restricted Kaup-Newell flow. 
2. RESTRICTED COUPLED AKNS-KAUP-NEWELL  FLOW 
In this paper, to avoid the complex parameter, we adopt the following spectral problem: 
(3) 
N-dimensional system: 
(4) 
¢2x = (a<~2, ~2) + ~(A¢2, ¢2))¢1 + A¢2, 
which can be transformed into a Hamiltonian system in the simplectic manifold (R 2N, d~l Ad~2): 
OH OH 
~X/lx : 0~i /2 ,  tI/2x : - -  0ti/---"~, (5)  
with the Hamiltonian 
g = - (h~l ,  g22> - ~oL<@l, 
We call this finite-dimensionM system to be the restricted AKNS-Kaup-Newell flow. Note that 
it is of real form. It is easy to see that if a -- 1, 13 = 0, then (12) becomes the restricted AKNS 
flow [7,14] and if a = 0,/3 = 1, then (12) becomes the restricted Kaup-Newell flow [7]. 
where a, 3 are two real parameters. 
Following the usual procedure of nonlinearization f Lax pair in [7], we consider the Bargmann 
constraint 
u = -<~1, ~1>, v = ~<~2, ~2> + ~<A~2, ~2>, (3) 
where qJj = (¢y l , . . . ,  Cjg) T, j = 1, 2, A = diag(A1,..., AN), A1, A2,...,  '~N are  N distinct real 
numbers, and (., .> denotes the standard inner product in R y. 
Under the constraint (11), the spectral problem (3) is nonlinearized into the following 
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3. LAX REPRESENTAT ION AND r -MATRIX  FORMULATION 
PROPOSITION 1. 
Through direct calculations, we can get the following proposition. 
The restricted flow (4) possesses the Lax representation 
where 
L(A) --- \ -~<qJ2, L°2> 1 + ~<~i, ~2> 
j=1 
and ( 0 = a(k~2,~2) + fl(A~2, O2) 
Only for simplicity, we denote L(A) by 
-- ((~ -]- /~)  (kI/I, ~'I/1 > ) 
A 
(7) 
(8) 
(9) 
L(A)= (A(A) B(A) / (10) 
C(A) -A(A) ' 
where 
N 1 
A(A) = (-1 - fl<xI/1, kT~2>) -~- (ol -~- ,~t~) E A -- Aj I/)ljV2j' 
j= l  
N 
I ¢~j, (11) B(A) = - (a  + Aa) Z A -Aj 
j= l  
N 
c(A) = -9<~2,  ¢~> + (~ + A~) A - Aj 
Under the standard Poisson bracket in R 2N, i.e., the Poisson bracket associated with dqJ1 A d~2: 
(f'g} = ~ 0¢2j 0¢2j ' 
j= l  
(12) 
it is easy to find that 
{A(A), A(tt)} = {B(A), S(#)} = IV(A), C(#)} = 0, 
2 
{A(A), B(#)} = #---L-~_ A ((a + A~)B(#) - (A + #~)B(A)) + 2~B(#), 
2 
{A(A), C(#)} = #--L-~_ A ((a + #Z)C(A) - (a + Afl)C(,a)) - 2~(C(A) + C(#)), 
4 
{B(A), C(#)} = #~A ((a + Aft)A(#) - (a + Afl)A(A)) + 4flA(A). 
The above relations can give rise to the following result. 
PROPOSITION 2. The Lax operator L(A) admits the r-matrix representation 
(13) 
{L(A)~, L(#)} = [r12(A, #), L1 (A)] + [r21 (p, A), L2(#)], (14) 
with 
r12(A, #) - 2(a + ##~) p _ 2~$1, 
#- ) ,  (15) 
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and 
where 
r21(A, #) - 2(a + A3) p + 2~$2, 
#-A 
(16) 
p = 
1 0 0 0 
0 0 1 0 
0 1 0 0 
0 0 0 1 
, $1 = 0 1 $2 = 
0 0 ' 
0 0 
1 0 0 0 
0 0 0 0 
0 1 0 0 
0 0 0 1 
(17) 
In the above proposition, we have used the standard notation [16]: LI(A) = L(A) ® I and 
55(#) = I ® L(#), I is the 2 x 2 unit matrix; {L(A)~,L(#)}ij,kt = {L(A)ik,i(#)jt}; and the 
3 permutative matrix P = (1/2)(1 + Y~-j=I at ® aj), where the ajs are the Pauli matrices. 
We notice that, in (15) and (16), as a = 1, 3 = 0, the r-matrices rl2(A, #), r21(A, ]~) are exactly 
those for the restricted AKNS flow [15] and as a = 0, f~ = 1, exactly those for the restricted 
Kaup-Newell flow. Actually, the r-matrices for the restricted coupled AKNS-Kaup-Newell flow 
are only a linear combination of the corresponding r-matrices for the restricted AKNS flow and 
the restricted Kaup-Newell flow. 
An immediate consequence of (14) is that 
{L2(A)~,L2(#)} = [~12(A, #), LI(A)] + [r21(/2, ~), L2(#)], (18) 
where [13] 
1 1 
rij(A, #) = E E L~-k(A)LI-I(#)riJ(A' #)Lkl(A)Lt2(#)" 
k=0 /=0 
It follows from (18) that 
(19) 
4 {TrL2(A), TrL2(#)} = Tr {L2(A) ,~L2(#)} = 0, (20) 
which ensures the involutive property of the integrals of motion obtained by expanding TrL2(A) 
in A-1. A direct deduction leads to 
TrL2(A) = - det L(A) = (1 +/3(ql ,  q2)) 2 + (a + A3) E A --Ak' 
k=l  
where 
(¢1k¢2  - ¢ l j¢2k)  2 
I k = --2(1 + ~(1I/1, ~/2))~)1k¢2k + ~(~2,  ff~2)~)2k + (OL + )~k]~) E ~ -- ~ " 
"'3 j#k 
Therefore, we have 
{I3,Ik}=O, j , k= l ,2 , . . . ,N .  
N k It follows that each pair of Fi and Ij are in involution, if we assume Fk = ~-~j=l Ajlj, k > O. 
Now noting H = (1/2)F2 and I1, I2,... IN being functionally independent on a certain region 
of R 2N, we get the following theorem. 
THEOREM 1. The restricted flow (4) is a completely integrable system in the sense of Liouville. 
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